We show how to "interleave" the monad for operads and the monad for contractions on the category Coll of collections. Hence we give an explicit construction of a left adjoint for the forgetful functor OWC −→ Coll, from the category of operads-with-contraction to the category of collections. By applying this to the initial (empty) collection, we obtain explicitly an initial operad-with-contraction, whose algebras are by definition the weak ω-categories of Leinster.
Introduction
The original motivation for this work was the need for an explicit construction of the operad for Leinster's ω-categories; however, the techniques developed for this purpose are of interest in their own right, and are useful in situations other than the one to which they are applied in this work.
We are interested in categories whose objects have, for each k ≥ 0, a set of k-cells of some sort; for example, the category of globular sets or the category of collections. Given a monadic adjunction on such a category, we may ask whether this adjunction can proceed "dimension-by-dimension". Put another way, can the action of the left adjoint be constructed one dimension at a time, first on 0-cells, then adding in any new 1-cells needed, then 2-cells, and so on? Moreover, given two such adjunctions, can the structures defined by them be combined by "interleaving" the monads? Put another way, can the actions of the two left adjoints alternate dimension-by-dimension to create a new adjunction involving both kinds of structure?
In this work we will describe one situation in which this is possible, where the underlying category is the category of collections and the two structures in question are those of operads and contractions. Other categories that might be candidates for such constructions include simplicial sets, opetopic sets and computads; however, further work is required to formalise precise conditions governing when the "interleaving" is possible. The aim of this work is to give a concrete construction for the purposes of calculations and comparisons, so we do not address the general abstract issues here beyond noting that the constructions depend only on certain abstract properties of the monads in question, rather than on particular details of the monads used in this particular case.
According to Leinster's definition, a weak ω-category is an algebra for a certain monad L on the category GSet of globular sets. The monad L is obtained from a globular operad, that is, a (GSet, T )-operad, where T is the free strict ω-category monad on GSet. The operad in question is the initial "operad-with-contraction".
That is, there is a category OWC whose objects are operads-withcontraction and whose morphisms are operad morphisms preserving the contractions. In [1] Leinster shows that this category has an initial object, but does not give an explicit construction of it.
In this work we give an explicit construction of this operad as follows. Recall that the underlying graph of a globular operad is a map A d −→ T 1 in GSet, which Leinster calls a collection; we write Coll for the category of collections, that is, GSet/T 1. Thus we have a forgetful functor
We show that G has a left adjoint F : Coll −→ OWC, the "free operadwith-contraction" functor; then the initial operad-with-contraction is given by F ∅.
To construct F , we use the process of "monad interleaving"; the idea is to formalise the intuitive method of constructing an operad-with-contraction "freely", that is, to proceed one dimension at a time, first adding in all cells needed for a contraction, and then adding all operadic composites freely.
We begin, in Section 1 by briefly recalling the basic definitions. We include this for the sake of completeness, and refer the reader to [1] for details of definitions. In Section 2 we outline the proof step by step; we leave the details of each construction to Section 3.
Preliminary definitions 1.Globular sets
Let G be the category whose objects are the natural numbers 0, 1, . . . and whose arrows are generated by
Explicitly, a globular set A consists of a set A k for each k ≥ 0, together with morphisms
serially commuting.
Collections
The category of collections is the slice category GSet/T 1. Here 1 is the terminal globular set, which has precisely one cell of each dimension; T is the free strict ω-category monad on GSet. So a collection is a globular set A together with a morphism A d −→ T 1 ∈ GSet; explicitly, a diagram of the form
serially commuting. A morphism of collections is thus a commuting triangle
Note that the commutativity is given by commutativity at each dimension. We write Coll for the category of collections and their morphisms.
Coll may be shown to have the structure of a monoidal category. The tensor product of collections A
and the unit for the tensor is 1
Operads
The operads in question here are globular operads or (GSet, T )-operads. Put yet another way, an operad is a monoid in the monoidal category Coll; a morphism of operads is a map of monoids. Thus an operad is given by an underlying collection A d −→ T 1 together with a unit and multiplication. Operads and their morphisms form a category Opd.
Contractions
For any globular set A, we call a pair of k-cells a, b ∈ A k parallel if k ≥ 1 and sa = sb and ta = tb; all 0-cells are parallel.
Let A d −→ T 1 be a collection. Then a contraction γ on it is given by the following data: given i) a pair of parallel k-cells a, b ∈ A k , and
A collection-with-contraction is a collection equipped with a specified contraction; for brevity we also refer to a collection-with-contraction as a contraction. We refer to all the cells γ θ (a, b) as contraction cells.
A morphism of contractions is a morphism of underlying collections such that the contraction structure is preserved. Explicitly, given contractions γ
We write Contr for the category of contractions and their morphisms.
Operads-with-contraction
An operad-with-contraction is a collection equipped with both the structure of an operad and the structure of a contraction. Note that there are no further axioms governing the interaction of the two types of structure. A morphism of operads-with-contraction is a morphisms of underlying collections that is both a morphism of operads and a morphism of contractions. We write OWC for the category of operads-with-contraction and their morphisms.
Note that we have forgetful functors
Contr Opd
forgetting just one of the structures at a time. Forgetting both structures, we get a forgetful functor
We will show that this has a left adjoint F . Now Coll has an initial object whose underlying globular set is empty i.e. ∅ −→ T 1. Thus we can apply F to this collection to obtain an initial object in OWC, which is by definition the operad for Leinster's ω-categories.
Truncation
We can truncate any of the above structures to k-dimensions as follows.
• A k-globular set is a globular set A such that A(n) is empty for all n > k.
• A k-collection is a collection whose underlying globular set is k-dimensional.
• A k-operad is an operad whose underlying collection is k-dimensional.
• A k-contraction is a contraction whose underlying collection is kdimensional.
• A k-operad-with-contraction is an operad-with-contraction whose underlying collection is k-dimensional.
Note that, when adding structure dimension-by-dimension, we will have a full (not truncated) underlying collection throughout; only the added structure will be k-dimensional. We will use the following notation:
• For k ≥ 0 write Opd k for the category of collections whose underlying k-collection is equipped with the structure of a k-operad.
• For k ≥ 0 write Contr k for the category of collections whose underlying k-collection is equipped with the structure of a k-contraction.
• For i, j ≥ 0 write OWC i,j for the category of collections whose underlying i-collection has the structure of an i-contraction, and whose underlying j-collection has the structure of a j-operad.
In each case, the morphisms preserve all the structure present. Note that while Opd 0 = Coll, it makes sense to write Contr 0 = Coll.
Outline
The aim is to combine the two different structures on Coll:
i) operad structure ii) contraction structure Note that the interaction of these two structures is different from interactions described by distributive laws; here the structures only interact, or interleave, one dimension at a time.
We will see that we have two monadic adjunctions However, to construct such a left adjoint, we cannot simply proceed 'up' one of the sides. This would amount to adding in the operad structure freely followed by contraction structure freely (or vice versa) and, in effect, the second free structure would destroy the first. Instead, we interleave the structures dimension-by-dimension, adding in first the free operad structure on 0-cells, then the free contraction structure on 0-cells, then the free operad structure on 1-cells, then the free contraction structure on 1-cells, and so on. This depends on three key facts: 2) For the free operad on a collection A, the new k-cells are determined only by the j-cells of A for j ≤ k.
1) We have monadic adjunctions Contr
3) For the free contraction on a collection A, the new k-cells are determined only by the j-cells of A for j ≤ k − 1.
The first fact means that each construction can proceed dimension-bydimension by itself; that is, each adjunction can be decomposed into a chain of adjunctions as follows:
. . . . . . The second fact means that a free k-operad structure will not be destroyed by adding in new (k + 1)-cells for a free contraction; the third fact means that a free k-contraction structure will not be destroyed by adding in new k-cells for a free operad structure. This makes the interleaving possible, and we can lift the adjunctions as follows:
. . . . . . The construction proceeds in the following steps. 
The free operad functor
We know [1] that there is a monadic adjunction
Then we "decompose" this as a chain of adjunctions:
Coll with the following properties:
i) M k leaves all dimensions unchanged except the kth dimension, and preserves the underlying (k − 1)-operad structure
The free contraction functor
An analogous result holds for contractions. We first exhibit a monadic adjunction 
Contr 0 = Coll with the analogous two properties:
i) H k leaves all dimensions unchanged except the kth dimension, and preserves the underlying (k − 1)-contraction structure
ii) The underlying k-dimensional collection-with-contraction of HA is that of
Interleaving of free contractions
For all i, j we have a forgetful functor OWC i,j −→ Contr i forgetting the operad structure. We also have for all k ≥ 0 a forgetful functor G k+1,k : OWC k+1,k −→ OWC k,k forgetting just the (k + 1)th-dimension of operad structure. We show that for all k ≥ 0 the adjunction
Contr k lifts to an adjunction
making the following diagram serially commute:
Contr k .
?
To show that this is possible we need to show that the k-operad structure is "stable" under H k+1 . The functors F k+1,k give us the "adding contraction structure" stages of the interleaving process.
Interleaving of free operad structure
We now consider the operad structure. We have for all i, j a forgetful functor OWC i,j −→ Opd j forgetting the contractions, and for all k ≥ 0 a forgetful functor
forgetting just the (k + 1)the dimension of contraction structure. We show that for all k ≥ 0 the adjunction
Opd k lifts to an adjunction
OWC k+1,k making the following diagram serially commute:
Opd k .
?
As above, we must show that the (k + 1)-contraction structure is "stable" under M k+1 . The functors F k+1,k+1 give us the "adding operad structure" stages of the interleaving process.
Combining the structures
Combining the above results, we have a chain of adjunctions
Coll given by the central "spine" of Figure 1 . So for each k we have a composite adjunction
say. We then define a functor F : Coll −→ OWC as follows. Let A be a collection. Put (F A) k = (F k A) k with globular, collection, operad and contraction structures at k-dimensions being given by those of F k A. It then follows that F ⊣ G : OWC −→ Coll as required.
Remarks 2.1 i) A left adjoint for G may be constructed by taking a limit over the categories OWC k,k , but this does not give an explicit construction of a free functor.
ii) The 'stability' parts of 2.3 and 2.4 follow immediately from condition (i) of 2.2 and 2.1 respectively.
iii) The constructions of 2.1 and 2.2 depend on the monadicity of the original adjunction and the fact that the k-cells of the free structure are entirely determined by the generating cells of lower dimensions only; they do not depend on any further details of the particular structures in question.
Constructions and proofs
In this section we give the details of the contructions and proofs outlined in Section 2. First we introduce some notation. An operad is a collection A d −→ T 1 together with 'multiplication' and 'identities', satisfying some axioms. However, since we have a monadic adjunction
we may express an operad as a an N M algebra, that is, collection A d −→ T 1 together with an algebra action
and on morphisms as
, ensuring that this is indeed an algebra.
Recall that a diagram in GSet commutes precisely when it commutes at each dimension. Now, we can "truncate" at any k to give a k-dimensional version, and by monadicity of the truncated adjunction, we may write an object of Opd k as
We are now ready to make the construction.
Construction of 2.1
We construct a left adjoint M k+1 : Opd k −→ Opd k+1 , M k+1 ⊣ N k+1 using the action of M for the (k + 1)th dimension. Writing A for the object of Opd k given by (*) above, we set M k+1 (A) to be
We then check the following:
i) Globularity i.e. that these are globular sets -routine checking ii) Serial commutativity i.e. that it is a morphism of globular setsroutine checking
iii) It is a morphism of collections -follows dimension-wise since µ is a morphism of collections iv) Algebra axioms -follow dimension-wise since µ satisfies algebra axioms
Proof. It is straightforward to construct a unit and counit from the unit and counit of M ⊣ N . Writing these as η and ǫ respectively, we have unit
as follows, on underlying globular sets:
and we can check that this is indeed a morphism of globular sets; it clearly preserves the underlying k-operad structure. So it is a morphism in Opd k ; naturality only applies dimension-wise so follows from the naturality of η.
We now construct a counit. Given X ∈ Opd k+1 given by
given on underlying globular sets by
? -
It is straightforward to check that this is a morphism of globular sets; we need to check further that it is a map of algebras up to (k + 1) dimensions. We only need to check the (k + 1)th dimension itself, i.e.
which commutes by the algebra axiom for θ, or, put another way, since this is the (k + 1)-dimensional component of the counit ǫ. Naturality also follows from this.
Similarly, triangle identities commute dimension-wise and so follow immediately from the triangle identities for M ⊣ N .
Hence we have M k+1 ⊣ N k+1 as required.
We observe immediately that properties (i) and (ii) given in Section 2.1 hold.
Construction of 2.2
We now consider the free contraction construction. We first exhibit a monadic adjunction
and then the rest of the construction follows analogously to that of the previous section.
The construction of the adjunction is by induction over dimension. Given a collection A f −→ T 1 we construct a collection-with-contraction HAf −→ T 1 as follows; the idea is to add in, for each dimension k, a set C k of required contraction cells.
and we define (s, t) on C 1 to be the morphism along the top. Thus C 1 gives all triples (a, b, θ) requiring a contraction 1-cell γ θ (a, b).
• for k ≥ 2 we have HA k = A k ∐ C k given as follows. Write HA k−1 for the pullback .
giving all parallel pairs of (k−1)-cells. Then C k is given by the pullback
giving all triples (a, b, θ) requiring a contraction k-cell γ θ (a, b). Then (s, t) on C k is the composite
Globularity and axioms for a morphism of globular sets follow immediately, and contraction cells are given by the C k . This clearly gives a monadic adjunction as required, and restricts to a monadic adjunction on k-truncations. Note that each set C k of contraction k-cells is determined only by j-cells of A for j < k (together with cells of T 1).
Finally, the construction of each adjunction H k ⊣ K k proceeds analogously to the constructions given in Section 3.1.
Construction of 2.3
Informally, we wish to show that "adding (k + 1)-cells does not affect the k-operad structure".
Consider the adjunction
Contr k . Now, by construction the underlying k-globular set of an object A ∈ Contr k is stable under the action of H k+1 . Thus if the underlying k-globular set of A is equipped with the structure of a k-operad, then the underlying k-globular set of H k+1 A may be equipped with the same k-operad structure. So we have a lift of the adjunction making the diagram commute as required.
Construction of 2.4
Informally, we now show that "adding (k+1)-cells does not affect the (k+1)contraction structure".
Consider the adjunction
Opd k+1
As above, we know that the underlying k-globular set of an object A ∈ Opd k is stable under the action of M k+1 ; this functor only adds (k + 1)-cells. Now suppose that A has the structure of a (k + 1)-contraction. The idea is that, since the contraction cells required depend only on the cells of A of dimension k and below (and on T 1), adding more (k + 1)-cells does not affect this structure. Formally, the algebra action we require is given by a morphism
using previous notation. But we already have an algebra action φ k+1 : C k+1 −→ A k+1 since A has a (k + 1)-contraction, so we have an action given by the identity on the first part of the disjoint union, and on the second
So if A ∈ Opd k has the structure of a (k + 1)-contraction then so does M k+1 A, and we have the adjunction as required.
Combination of structures
The adjunction F ⊣ G follows from a similar argument to those used above. That is, we proceed dimension-by-dimension, and construct a unit and counit for the "truncated" adjunction F k ⊣ G k . Naturality and triangle identities follow.
